We define a D2CS of a graph G to be a set S ⊆ V (G) with diam(G[S]) ≤ 2. A D2CS arises in connection with conditional coloring and radio-k-coloring of graphs. We study the problem of counting and enumerating D2CS of a graph. We first prove the following propositions:
(2) A Fibonacci tree, a variant of a binary tree is defined recursively as follows: (a) Fibonacci tree of order 0 and 1 is a single node. (b) Fibonacci tree of order n (n ≥ 2) is constructed by attaching tree of order n − 2 as the leftmost child of the tree of order n − 1.
Let g(n) denote the number of D2CS in a Fibonacci tree of order n. Then g(n) = 3 · 2 n−2 − (F n−1 + F n+1 ) + 2.
(3) A binary Fibonacci tree of order n (n > 1) is a variant of a binary tree whose left subtree is of order n − 1 and right subtree of order n − 2. An order 0 Fibonacci tree has a single node, and an order 1 tree is P 2 .
Let h(n) denote the number of D2CS in a binary Fibonacci tree of order n. Then h(n) = 2F n + 3F n+2 − 9.
(4) A binomial tree B k of order k (k ≥ 0) is an ordered tree defined recursively as: (i) B 0 is a one-vertex graph.
(ii) B k consists of two copies of B k−1 such that the root of one is the leftmost child of the root of the other.
. Let ω(G) (or simply ω) denote the clique number of a graph G. The square of a graph G, denoted by G 2 , has the same vertex set as G, and the edge
between two vertices u and v is the minimum length of a path between u and v. The diameter of a graph G is diam(G)=max
For example K 1,n has 2 n + n + 1 D2CS. A D2CS is maximal if it is not properly contained in any other D2CS.
A maximum D2CS is one which has the largest size among all D2CS. For undefined terms and notations see standard texts in graph theory such as [2, 5] .
Recently counting and enumeration of certain specified sets in a graph have been widely investigated e.g., in data mining. In this paper we deal with the problem of conting and enumeration of D2CS of general and some restricted class of graphs. Unlike a clique and an independent set every subset of a D2CS need not be a D2CS. In general, the problem of finding all D2CS is difficult.
A graph can have an exponential number of D2CS. For example the complete graph K n on n vertices has 2 n , a k-tree on n vertices has 2 n (1
has 10n − 6 and the graph K n of n vertices has just n + 1 D2CS. The number of D2CS in any other graph with n vertices lies between O(n) and O(2 n ).
D2CS of some structured graphs
We first give our results for the cases when the graph G is a : complete k-ary tree, Fibonacci tree, binary Fibonacci tree and binomial tree. For two integers k, h > 0, let f (k, h) be the number of D2CS of a complete k-ary tree of height h. Then we have
and
By solving the above recurrence we get
) be the number of D2CS of a rooted tree T with ∆(T ) = k and height
Proof. It can be easily checked that
we denote the maximum possible number of D2CS of a tree T with ∆(T ) = k and height h. Considering the root at level 0, a tree T with ∆(T ) = k and height h has maximum number of D2CS only if it has k(k − 1) i−1 vertices at level i, for all 1 ≤ i ≤ h. Then it is easy to see that
By virtue of Eq.(1) we obtain
Fibonacci Trees and Binomial Trees
Definition 1. A Fibonacci tree, a variant of a binary tree is defined recursively as follows: (a)
Fibonacci tree of order 0 and 1 is a single node.
(b) Fibonacci tree of order n (n ≥ 2) is constructed by attaching tree of order n−2 as the leftmost child of the tree of order n − 1.
Let g(n) denote the number of D2CS in a Fibonacci tree of order n. Then,
with the initial conditions g(2) = 2 and g(3) = 4.
The (ordinary) generating function G(z) for the sequence g(n) is given by
.
It then follows that
where L n is the n th Lucas number.
Definition 2.
A binary Fibonacci tree of order n (n > 1) is a variant of a binary tree whose left subtree is of order n − 1 and right subtree of order n − 2. An order 0 Fibonacci tree has a single node, and an order 1 tree is P 2 .
Let h(n) denote the number of D2CS in a binary Fibonacci tree of order n. Then
with the initial conditions h(3) = 10 and h(4) = 21.
The (ordinary) generating function G(z) for the sequence h(n) is given by
It then follows that
h(n) = 2F n + 3F n+2 − 9 = 2L n+1 + F n+2 − 9.
Definition 3. A binomial tree B k of order k (k ≥ 0) is an ordered tree defined recursively as follows (i) B 0 is a one-vertex graph.
Let b(k) denote the number of D2CS in a binomial tree B k . Then we have
with the initial condition b(0) = 2.
By solving the above recurrence, we obtain b(k) = k2 k + 2. Thus, b(k) grows exponentially in the order of binomial tree.
Definition 4.
A graph is a split if there is a partition of its vertex set into a clique and an independent set. Therefore the number of D2CS of cardinality greater than two is 2 k − k
, which gives the result.
Algorithm for Counting and Enumerating the D2CS of a Graph
In this section we describe an algorithm for counting and enumerating the D2CS of a graph. The basic idea is obtaining G 2 and generating all the cliques in G 2 . Then all those cliques of G 2 which are not D2CS of G are eliminated.
Proof. Proof follows from the definitions of D2CS and G 2 .
Algorithm EnumAllD2CS enumerates and counts D2CS of a graph G with |V (G)| = n and |E(G)| = m. The algorithm outputs the number of D2CS in G.
Algorithm EnumAllD2CS(G)
1. Enumerate all cliques in G 2 ; let T S = {S : S is a clique in G 2 & |S| ≥ 3} 2. Eliminate those elements of T S , which are not D2CS of G; let T ′ S = {S : S is a D2CS in G and |S| ≥ 3} 3. Return |T ′ S | + n + m + 1.
Correctness and complexity: From Fact 1 it is clear that EnumAllD2CS doesn't miss any D2CS of G.
Step 2 of the algorithm ensures that no wrong D2CS is generated. Hence the correctness of EnumAllD2CS.
The complexity of EnumAllD2CS corresponds to the question of determining the number of D2CS of G. Clearly step 1 of the algorithm takes O(f (n)+g(n)) time, where f (n) is the complexity of boolean matrix multiplication and g(n) is the complexity of generating all the cliques in a graph on n vertices and step 2 takes O(n 3 /log 2 n) [1] time for each element of T S . Summarizing, we have:
Theorem 1. Let G be a graph. All D2CS in G can be enumerated in O(n 3 /log 2 n) time for each.
Remark. It is easy to see that the complexity of the above algorithm is no more than O(f (n) + g(n)n 3 /log 2 n), where f (n) and g(n) at present stands at O(n 2.376 ) [1] and O(n log 2 n+2 ) [6] respectively.
4 Linear-Time Algorithm for Enumerating Maximal D2CS in a Strongly Chordal Graph
and Gross [4] showed that a graph G is chordal if and only if it is possible to order the vertices Hence the lemma.
The following result follows directly from the above lemma.
